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Abstract 

Working in the -F-basis provided by the factorizing F-matrix, the scalar products 
of Bethe states for the supersymmetric t-J model are represented by determinants. By 
means of these results, we obtain determinant representations of correlation functions 
for the model. 



1 Introduction 



The computation of correlation functions is one of the major challenging problems in the 
theory of quantum integrable models [1, 2]. There are currently two approaches for com- 
puting the correlation functions of a quantum integrable model. One is the vertex operator 
method (see e.g. [3-8]), and another one is based on the detailed analysis of the structure of 
the Beth states [9, 10]. 

Progress has recently been made in the literature on the second approach with the help 
of the Drinfeld twists. Working in the F-bases provided by the F- matrices (Drinfeld twists), 
the authors in [11, 12] managed to compute the form factors and correlation functions of the 
XXX and XXZ models analytically and expressed them in compact determinant forms. 

Recently we have constructed the Drinfeld twists for both the rational gl{m\n) and the 
quantum Uq{gl{m\n)) supersymmetric models and resolved the hierarchy of their nested 
Bethe vectors in the F-basis [13, 14, 15]. In [16], we obtained the determinant representation 
of the scalar products and the correlation functions for the Ug{gl{l\l)) free fermion model. 

Quantum integrable models associated with Lie superalgebras [17, 18, 19] are physically 
important because they give strongly correlated fermion models of superconductivity. Among 
them, the t-J model with the Hamiltonian given by 

N 

H = ~ %,-cT)Cj+l,a(l - n^+l -ct) + c]+l,a(l " %+l,-(T)Cj+l,a(l - -a)] 

^ 1 1 

+ i2^S]S,^^ + S,Sl,) - -n,n,^,] (1.1) 

was proposed in an attempt to understand high-Tc superconductivity [20, 21, 22, 23]. It is a 
strongly correlated electron system with nearest-neighbor hopping (t) and anti-ferromagnetic 
exchange (J) of electrons. When J = 2t, the t-J model becomes gl{2\l) invariant (i.e. 
supersymmetric). Using the nested algebraic Bethe ansatz method, Essler and Korepin 
obtained the eigenvalues of the supersymmetric t-J model [24]. The algebraic structure and 
physical properties of the model were investigated in [25, 26]. 

In this paper, using our previous results in [13] and [15], we give the determinant rep- 
resentation of the scalar products and the correlation functions of the supersymmetric t-J 
model. In section 2, we review the background of the supersymmetric t-J model and its 
algebraic Bethe ansatz. In section 3, we apply our results on the Drinfeld twists to construct 
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the determinant representations of the components of the Bethe states. In section 4, we 
obtain the determinant representation of the scalar products of the Bcthc states. Then in 
section 5, we compute the correlation functions of the local fermion operators of the model. 
We conclude the paper by offering some discussions in section 6. 



2 The supersymmetry t-J model 

2.1 Some background of the model 

Let V be the 3-dimensional 5i/(2|l)-module and R e End{V (8) V) the i?-matrix associated 
with this module. V is Z2-graded, and in the following we choose the FFB grading for V, i.e. 
[1] = [2] = 1, [3] = 0. The i?-matrix depends on the difference of two spectral parameters Ai 
and A2 associated with the two copies of V, and is, in the FFB grading, given by 



-Ri2(Ai, A2) = -Ri2(Ai — A2) 
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(2.1) 



where 



ai2 = a(Ai, A2) 

C12 = c(Ai, A2) 



Ai — A2 
Ai - A2 + 77 ' 
\i- \2-r] 



bi2 = &(Ai, A2) = 



Ai - A2 + 77' 



(2.2) 



Ai - A2 + 

with r] & C being the crossing parameter. One can easily check that the it!-matrix satisfies 
the unitary relation 

R21R12 = 1. (2.3) 

Here and throughout Rij = Rij{Xi,Xj). The it!-matrix satisfies the graded Yang-Baxter 
equation (GYBE) 

-R12-R13-R23 — -^23-^13-^12- (2.4) 
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In terms of the matrix elements defined by 

R{\){v'' ® v^') = R^f^ ® ^')' (2-5) 

the GYBE reads 

i',j',k' 

= Y: R{X. - A3)^r^(Ai - A3)ir^(Ai - X^t^fi-^r^^^'^'^- (2-6) 

i',j',k' 

The quantum monodromy matrix T(A) of the supersymmetric t-J model on a lattice of 
length A'' is defined as 

T(A) = -RoAf(A, ^Ar)i?07V-l(A, ^Af-i)...-Roi(A, G), (2.7) 

where the index refers to the auxiliary space and {^j} are arbitrary inhomogeneous param- 
eters depending on site i. T{X) can be represented in the auxiliary space as the 3x3 matrix 
whose elements are operators acting on the quantum space T/®^: 

/ Au{X) Au{X) B,{X) \ 
T{X) = A2i{X) A22{X) 52(A) . (2.8) 
V Ci(A) C2(A) D{X) J 

By using the GYBE, one may prove that the monodromy matrix satisfies the GYBE 

Ru(X - ii)T,{X)T2{fi) = r2(/i)ri(A)i?i2(A - fi). (2.9) 

or in matrix form, 

j;i?(A-^):/r(A):;'r(;.)^;'(-i)^'J(^^'J^[^"J) 

= Er(/^)fr(A)fi?(A - f^^f (2.10) 
Define the transfer matrix t{X) 

t{X) = stroT(A), (2.11) 

where stro denotes the supertrace over the auxiliary space. With the help of the GYBE, 
one may check that the transfer matrix satisfies the commutation relation [t{X),t{fj,)] — 0, 
ensuring the integrability of the system. 
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The transfer matrix gives the Hamiltonian of the system: 



H = 



A=0 



aint(A) 

j=i U=T,i J 

(2.12) 

where Qo-, Qti ^-i •S'^, 2^ are generators of the superalgebra ^Z(2|l). The fundamental rep- 
resentations of these operators take the following form 

/ -i \ / I \ 

S]=[ i , T, = i , 5, = e^^, Sl = 6^2, 
\000/ \001/ 

Qfe,T — ^32) = ^23' = 63!' QI,J, ~ ^13) (2-13) 

where e^^- is a 3 x 3 matrix acting on the A;-th space with elements (ef^)^/^ = SiaSj^. Using 
the standard fermion representation 

= S>9,<^> % = %,T + (2-14) 
one finds that (2.12) gives the Hamiltonian (1.1) at the supersymmetric point J = 2t. 

2.2 Algebraic Bethe ansatz 

The transfer matrix (2.11) can be diagonalized by using the nested algebraic Bethe ansatz. 
The Bethe state of the supersymmetric t-J model is defined as follows. 

Definition 1 Let |0) he the pseudo-vacuum state of the quantum tensor space V®^ , and 
|0)*^^'' he the pseudo-nested-vacuum state of the nested quantum tensor space {V^^^)®'^, i.e., 

The Bethe state of the supersymmetric t-J model is then defined by 

l^^iv({A,})) = J2i^nT-'"C,,{X,)...Ca„{XM {X^^...^Xn), (2.16) 

dl...dn 



where di = 1,2, [fln^y^---'^'^ is a component of the nested Bethe state via 
l^^n({A«}))« = C«(A«) • . . C«(A«)|0)« (X? ^ . . . ^ A«), 



(2.17) 



and C^^\ the creation operator of the nested gl{2) system, is the lower-triangular entry of 
the nested monodromy matrix T^^^ 



ro„(A(i) - A„)ro„_i(A(i) - A„_i) . . . roi(A(^) - Ai) 
/ A«(A«) B«(A(i)) 
1^ CW(AW) D«(A«) 



(2.18) 



with 



ri2(Ai, A2) = ri2(Ai - A2) = 



(0) 

f cu \ 

ai2 -bi2 

-612 ai2 

V C12 / 



(2.19) 



Similarly, we can also define the dual Bethe state {flN\- 



Definition 2 With the help of the dual pseudo-vacuum state (0| and the dual pseudo-nested- 
vacuum state (Op^; the dual Bethe state is defined by 

{n^{{^^J})\^ J2 i^^'^y-^HmM...BfM {^^^^...^|,,), (2.20) 

where (Jl^-^))-^"^ "*^^ is a component of the dual nested Bethe state {^\^^^ 

Mf^fW^ - (0|WS(^)(^W) . . . 5(^)(^W) (;,a) ^ . . . ^ ^«). (2.21) 
The diagonalization of the transfer matrix t{X) (2.11) leads to the following theorem [24]: 

Theorem 1 The Bethe states \QN{{Xj})) defined by (2.16) are eigenstates of the transfer 
matrix t{\) if the spectral parameters Xj {j = 1, . . . ,n) satisfy the Bethe ansatz equations 
(BAE) 

N m 



Y[a{\,i^)Y[a-\X,,X\ 



(l)^ 



(j - l,...,n) 



(2.22) 



fc=i 1=1 
and the nested Bethe ansatz equations (NBAE) 

.(1) _ 



\ V / \\ ) I 



,m) 



(2.23) 
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The eigenvalues A(A, {Xk}, {^f^}) of the transfer matrix t{X) are given by 

A(A,{A^},{A<'>}) 

where A'^^)(A) is the eigenvalues of the nested transfer matrix t^^\X) = stroT^^\X) 

One easily checks that this theorem also holds for the dual Bethe state (r2]v({A*i})| defined 
by (2.20) if we change the spectral parameters Xj and A^^"* in (2.22)-(2.25) to fj,j and , 
respectively. 

3 Symmetric representations of the Bethe state 
3.1 Factorizing F-matrix and its inverse 

With the help of the permutation group a e Sn, one may introduce the i?-matrix i?i jv 
[11, 27] which can be expressed in terms of the elementary i?-matrix Ra+i — -Ri'.jv for 
any elementary permutation cri(i, i + 1) — (i + l^i) through the decomposition law jv = 
N)^i-N- We proved in [13, 14, 15] that for the i?-matrix Ri___n: there exists a non- 
degenerate lower-diagonal F-matrix satisfying the relation 

Fa{l...N){^a{l), ■ ■ ■ , ^a{N))Rl...N{Ci^ • • • ) ^n) = Fi,„n{^1, ■ ■ ■ , ^n)- (3.1) 

Explicitly, 

* N 

^1...^ = E En Kuf^^"^' ^' "'^)^i...iV' (3-2) 
where the sum over all non-decreasing sequences of the labels aa{i) : 

0!a{i+i) > oia{i), if cr{i + 1) > a{i), 

a^{i+i) > a„{i), if a{i + l)<a{i) (3.3) 
and the c-number function S{c, a, a^) is given by 

^(c,a,a,) = exp|i (l-(-l)'"^''='^)'^a.(.),".(oln(l + M,),(o)|. (3.4) 

I l>k=l ) 



The inverse of the F-matrix is given by 

K'n - K..nII^^' (3-5) 



with 



i<j 



aij if Qij > aj 



^^'^^^i^i ^a,ftf«.^, <^ ^ if = a,- = 3 • ^ ' 

AaijQji ii ai — aj — 1,2 



and 



** A'' 
ctsSjv q;ct(i)— aCT(JV) j=l 



(3.7) 



where the sum YT* taken over all possible ojj which satisfies the following non-increasing 
constraints: 

Q!a(i+1) < <^a(i), if Cr{i + 1) < Cr(^), 

Q;^(j+i) < aa{i), if (7(z + 1) > cr(i). (3.8) 
3.2 Bethe state in the F-basis 

The non-degeneracy of the F-matrix means that its column vectors form a complete basis, 
which is called the F-basis. In [15, 13], we found that in the F-basis, the creation and 
annihilation operators Cj(A) and -Bi(A) {i = 1, 2) of the supersymmetrix t-J model have the 
symmetric form: 

N 

C2{\) - Fi,.,mC2{X)F-\ - Yl ^0^4) ^jr^i diag 2«o,> !)(,) , (3.9) 

i=l 
N 

Ci{u) = Fi...jvCi(A)F-^^ = J2 ^oiEf^ diag (2ao,-, ao,a,^\ l)^^.) 

- E f^4) ® 4' diag (2aofe, aofear,\ l)^^^ , (3.10) 

N 

52 (A) = Fl...^,52 (A) F-^jv = - ^ 6oi 4) diag (ao,- , aoj (2a,-,) aj/) ^ , (3.11) 
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N 

Bi{X) = Fi„_nBi{X)F-\ = - ^ boiEf^ ^j^i diag {aoj{2aji)-\ aojajl, aj^)^.^ 

i=l 

^ b a 

_ j2 l^Ef^ ® 4^ diag {aok(2akj)-\ a^k^l , a^/) , (3.12) 

where aoj = a(A,^j) 6oj = K'^iCj)- 

Acting the associated F- matrix on the pseudo- vacuum state |0), one finds that the 
pseudo- vacuum state is invariant. It is due to the fact that only the term with all roots 
equal to 3 will produce non-zero results. Therefore, the gl{2\l) Bethe state (2.16) in the 
F-basis can be written as 

= Fi...^|Q^({A,.})) 

= J](f]W)'^-'^"Q(A0...Q„(AO|0). (3.13) 

d\...dn 

Without loss of generahty, we will only concentrate on the Bethe state with the quantum 
number p which indicates the number of = 2, and will use the notation \^N{{Xj}{p,n))) 
with the subscript pair (p, n) to denote a Bethe state which has quantum number p and has 
n spectral parameters. 

Proposition 1 The Bethe state of the supersymmetric t-J model can be represented in the 
F -basis by 

= yniiKir^}. {\%)})C,{Km) . . . C'2(A.(,))C'i(A.(,+i)) . . . Ci(A.(„)) |0) (3.14) 

= E^H«w.{Ai'i,}) E E 2 '"-"-"'"-' n n«(A,,„.&) 

(tGSm ii<...<ip ip+i<...<in 1=1 k=p+l 

X detBp{Xa(l) Xa{p) ;Cii,---,Cip) 

p ' n ^ 

xdetBn-p{X.(j>+,),...,XainyAip+r,---,UtlEl^^ JJ Fg)|0) (3.15) 

j=l j=p+l 

with the sets {ii, . . . ,ip} Ci {ip+i, ■ ■ ■ , in} — ^ o-nd the pref actor Yr being 

yR{{Kii)}.{x%^}) 

_ 1 r,* (xW x(i)|x X \ T[ T[ ( 2a(A^(fc),A^(f)) ^^ 

- ^K^^"^-"^"-^ 1-^-+^' • • • ' • • • ' ^'^("V 11 ra(A.(o,A.(,)); • 

(3.16) 
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Here c^^ „ has the decomposition law c^''^„ = d^,^-^ „)Ci'..„ with c^' „ = Cj j+i = c{vi,Vi+i) for 
an elementary permutation ai, the c-number B* is given by 

= En(-KAi".w) n ^Tii^iT) n A„,,,), 

aeSpk=l jjtcr{k),...,a(p) ^ '^^"'^ ^M=fe+1 

and the elements of the n x n matrix S„({Ai}; {Cj}) are 

a-l 

{BnU = KAa,e/3) n «(^7>e^)- (3-17) 
7=1 

n' 

In (3.15), we have used the convention JJ^/i = fi ■ ■ ■ fn- For our later use, we also introduce 



i=l 



the notation Wfi = /„... /i. 



i=l 



Proof. By using the exchange symmetry of the Bethe state 

pN{{Kij)])) = -^pN{{\j})), aeSn (3.18) 

<^l...n 

and the commutation relation between Ci{X) and Cj(//) 

Q(;«)C',(A) = -^^(7,(A)A(/x) + ^|^C,(;«)A^ (3.19) 
we have showed in [13, 15] that the Bethe state (3.13) can be written as 

n p 

\^n{{Xj}m)) = ^f«({a.(,)},{aw.)}) e e n n«(^-(0'^H) 

(T£Sn ii<...<ip ip+i<...<in k=p+l 1=1 

X-Bp(A(^(l), . . . , Xa(p)\^h, ■ ■ ■ ,Cip) 

p ' n ^ 

XS„_p(A(,(p+i), . . . , Xa{n)\Cip+i, ■ ■ -^^ijYl^iij) Yl -^fe)!^)' (3.20) 

j=l j=p+l 

where 

n n 

-Sn(Ai, . . . , A„|^ij, . . . , 

CTe5„ fe=i i=fe+i 

One checks that the function Bn{Xi, ■ ■ ■ , Xnl^h, ■ ■ ■ ,Cin) equivalent to the determinant 
2"'("~^^/^detB„({AA;}, {^j}), thus proving the proposition. 
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□ 

By a similar procedure, one may prove the following proposition for the dual Bethe state 
{^N{{f^j}M)\ (2.20): 

Proposition 2 The dual Bethe state (^iv({A*j}(p,n))| of the supersymmetric t-J model can 
he represented by 

{^N{{l^j}(p,n)\ = Yl {lJ'a{j)}){^\Ml^a(n)) ■ ■ ■ 

itG<Sjv 

xB2(A"<,(p))...B2(Ma(i)) (3.22) 

ct£Sm ii<...<ip ip+i<...<in 

p n p N n N 

xH n «(^-(0'eijn n ^~\^k.^n) n n ^"'(^^'^0 

1=1 k=p+l 1=1 kj^ii,ip+i,...,in l=p+lk=l,yiii 

XdetBp{fJ,a{l),- ■ • , Ato-(p) ; 6i ) • • • )Cip) 

^ n * p 

xdetBn-p{^aip+l), . . .,l^a(nyAip+„ • • • ,6J(0| J] ^{i)tl^'i)' (3-23) 

j=p+l j=l 

where the pref actor Yl is 

(3.24) 

and the c-numher B** is given by 

b;* 

p p / (1) \ 



aeSp k=l j^a(k),...,a(p) l=k+l '^^^^^ > ^'^(k) ) 

4 Determinant representation of the scalar product 

The scalar product of the Bethe states with a given quantum number p is defined by 

Pn{{^J'i}{p,n),{^j}ip,n)) = (^iv({/^j}(p,n)) |f^iv({Aj}(p,n))) . (4.1) 
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The invariant property of the pseudo- vacuum state under the F-transformation, i.e. Fi...Ar|0) = 
|0) and (0|F^~^^ = (0|, implies that in the F-basis, the scalar product P„ is 

Pn{{fJ'i}{p,n),{^j}{p,n)) = {^N{{fJ'j}{p,n))\^N{{>^j}ip,n))) 

(7',(T 

x(0|Si(/X(^'(n)) . . . Bi{flcr'(j)+l))B2{f^cr'(j))) ■ ■ ■ -B2 (/^(t'(1) ) 

xC'2(A,(i)) . . .C'2(A,(p))C'i(A,(p+i)) . . .C'i(A,(„))|0). (4.2) 

To compute the scalar product, following [12], we introduce the following intermediate 
functions 

G^^\{Xk}{p,n)-,Ui, . . . ,lijn,ijnJrl, ■ ■ ■ , 



k=p+l k=m+l 

xC2{\i) . . . C'2(Ap)C'i(Ap+i) . . . Ci{\n)\Q > for m < p, 



(4.3) 



(0| n F31)5i(^J...5i(/ip+i)52(/Xp)S2(^l) 

k=m+l 

xC'2(Ai) . . . C'2(Ap)C'i(Ap+i) . . . C'i(A„)|0 > for m > p + 1. 
where the lower indices of E^^^^ and E^^^^ satisfy the relations im+i < ■ ■ ■ < ip, ip+i < . . . < in 
and {ii, . . . , ip\ fl {ip+i, . . . , in} — 0- Thus, the scalar product can be rewritten as 

-Pni{f^i}{p,n)i {Aj}(p^n)) 

= J2M{l^a'U)}dl^%)})YR{{XaU)},{>^%)}) G("n{A.O)}(p,n),{/^.'(.)}(p,n)). (4-4) 

o-.cr' 

We now compute G^"^^ ior m < p and m > p + 1 separately. 
4.1 1 <m < p 

We first compute the function G^'^^ for m < p. 
Inserting a complete set, (4.3) becomes 

G^^\{Xk}{p,n), 1^1, ■ ■ ■ , l^m, im+1, ■ ■ ■ , in) 



N n p m+q p n 

= E CI n 41, n '^fiAif-n) n ^i^^ n 4i, n 

j^im+i,---,in k=p+l k=m+l k=m+l k=m+q+l k=p+l 

XG'("^-l)({Afc}(p^„),//l, . ..,IJ,m-l,ini+l: ■ ■ ■ ,im+q, j,im+q+l ■ ■ ■ ,in) {0<q<P-m). 

(4.5) 
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In view of (3.11), we have 



m+q 



n 4t) n EtiMi^^) n ^^'^ n n 

k=p+l k=m+\ k=m+l k=m+q+\ k=p+l 

P n N 

l=m+l l=p+l ky^j,ip+i,...,in 

(4.6) 

Substituting the expressions of Ci (3.10) and C2 (3.9) into (4.3), we obtain G^^): 



G(°^{A.}(p,n),^l,...,^n) = (0| H 41)114') 11 ^^(A,) J] C'i(A,)|0> 

k=p+l k=l k=l k=p+l 

p n 

p(p-l) + (n-p)(TC-p-l) -1 — r -p-|- / X J. \ 1 ^r> / \ \ j- j- \ 

= 2 2 11 11 «(Az,6JdetBp(Ai,...,Ap;^i,,...,^iJ 

xdeti3n-p(Ap+i, . . . , A„; ^i^^,, • • • ,6„)- (4-7) 

We compute G^"^^ by using the recursion relation (4.5). One sees that there are two 
different determinants in G^^\ which are labelled by different A's and ^ij.'s. For m < p we 
only focus on the first determinant, i.e. deti3p. 

To compute G^^\ we substitute (4.6) and (4.7) into (4.5) to obtain 

G^^\{Xk}{p,n), I^l,'i2, ■ ■ ■ ,in) 



N n p q+1 p n 

= E <oi n 4i)n4i)B2(<'on4i4m4i) n ^im 

jj^i2,-,in k=p+l k=2 k=2 g+2 k=p+l 

XG^^\{\k}(p,n),i2, • • • , iq+l,j, iq+2, ■■■,in) 

p n N 

=-2 """'""""""'"" n n "i^'-i'^i E (-1)' 

1=1 k=p+l jV«2, 

p N 

X n n ^~^(^k: 0) detBp(Ai . . . , Ap; ■ ■ ■ > Cj, Ci<,+2> • • • > 6p) 



n 



X n «(^i'4)deti3„_p(Ap+i,...,A„;^j^+i,...,,^j„). (4.8) 
i=p+i 

Let Afc (A; = 1, . . . , n) label the row and (I = 12, . . . , j, . ■ ■ , ip) label the column of the matrix 
Bp. From (4.7), one sees that the column indices in (4.8) satisfy the sequence 12 < ■ ■ ■ < j < 
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. . . < ip. Therefore, moving the jth. column in the matrix Bp to the first column, we have 



= -2 



(p-l)(p-2)+(n-p)(n-p-l) 



p n 



N 



1=1 k=p+i 



N 



xJI^^^i'^^') n ^ ^(Cfe,6)detBp(Ai,...,Ap;^j-,,^i2>--->Ci„) 

/=2 fe^j,ip+i,...,i„ 

xdeti3„_p(Ap-|-i, . . . , A^; ^ip+i, • ■ ■ )^i„) 

detBW(Ai,...,Ap; 



_ (p_i)(p_2) + (n-p)(n-p-l) 
-2 2 



X JJ^ a(^i, ^iJdeti3„_p(Ap+i, . . . , A„; . . . 



(4.9) 



where the matrix B^^^({Afe}, /Ui, ^ij, . . . , ^i^) is given by 

n 

= n «(^-^^J a(/.i,ei,)(>Bp)a/3 (1 < « < p and 2 < /3 < p), (4.10) 



fc=p+i 



AT 



a-1 



fe=p+l ii^ii,-—,in 7=1 

TV 



(4.11) 



Using the properties of determinant, one finds that if j = • • • ) ^pi the corresponding terms 
in (4.11) contribute zero to the determinant. Thus, without changing the determinant of the 
matrix ^ the elements {B^p'^)ox in (4-11) may be replaced by 



?7 



X 



a-l 

n 



^7 ~ 6 



AT 

n 



6 -io^f] 



7=1 ^ fc^j,ip+i,...,«„ 

Thanks to the Bethe ansatz equation (2.22), we may construct the function 



(4.12) 



Aa - A^ - Hp f^^ He - Hp 

N 



u=p+i - ^? + ^ 
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V 



a-l . 



.(1) 



n 



X 



n 



A*e - A 



(1) 



n 



a-l 



+E 



V 



k=p+l,^j 

a-l . , /9-1 , 

j-j- A^ — Aj — T] j-j- He — Aj — Tj 



Xa- X-yXj- , A, - A^ - A^ 



N 

n 



^7 — 



n 



- ^j, + Aa - 



n 

j=p+i 



Xj — A^ 



(1) 



A7 - Xf^ + 7/ 



\X^-Ck + V -tpXi A^ - ii. Xa - Cij + V 



Xc, - He t^e - A7 - /X, J-J- 



// -A(^)+r7 



J=P+1 



N 

n 



\^J'e-^k + r] .ip^^ /W6 - 6,- A„ - 6 . + 77 



(4.13) 



where A^-^'* {j = p + 1, . . . , n) satisfy the NBAE (2.23). By direct computation, one sees that 
the residues of AAai at points = A^-^"* — rj, ni = A^, (7 = 1, . . . , a — 1) and — fiei^ — 
1, . . . , (3 — 1) are zero. Moreover the residues of A4ai at the points /ii — Xa are also zero 
because A^ is a solution of the BAE (2.22). Then comparing (4.12) with (4.13), one finds 
that as functions of //i, the functions {Bp'^)ai and Aiai have the same residues at the simple 
poles fj,i — Cj ~ V U 7^ ■ ■ ■ ^iid that when fii they tend to zero. Therefore, 

according to the properties of the rational functions, we have {B^^)ai — M.ai- 

Then, by using the function G^^\ G^^^ and the intermediate function (4.5) repeatedly, we 
obtain G^"^^ {m < p): 



G^"^\{Xk}(j),n), ■ ■ ■ , A*m, im+l, ■ ■ ■ , ^n) 



p{p—l)—m{2p—m—l)-\-(n—p){n—p—l) 



(-1)"'2'''- " "'2 " " detBj"*)(Ai,...,Ap;yUi,...,//„,Wi,...,ip) 



n «(/^^^«Jdet^n-p(Ap+i,---,A„;^j^+i,...,^i„) 

1=1 k=p+i 

with the matrix elements 

13-1 

{B^;^\p = l[aiHe,%){Bp)ap, {l<a<p, m<(3<p), 



(4.14) 



e=l 



(-B^))«^ - Map, {l<a<p, l<(3<m). (4.15) 

(4.14) can be proved by induction. Firstly from (4.9), (4.10) and (4.13), (4.14) is true for 
m = 1. Assume (4.14) for G^"""^). Let us show (4.14) for general m. Substituting (^("^-i) 
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and (4.6) into intermediate function (4.5), we have 

G^"^\{Xk}(j>,n)i l^l, ■ ■ ■ ) f^mi ■ ■ ■ ; ^n) 

N n N 

j¥=irn+i,---,in l=m+l k^j,p+l,...,n 

y.G^ ^ (^{^k} {p,n) 1 /^l) • • • ) A^m— 1; • • • ) ^m+pj J) ■ ■ ■ > ^n) 

jj^im+l,---,in l=m+l k^j,p+\,...,n 

XG(™-l)({Afc}(p„), ^1, . . . , fim-l,j,im+l, ■ ■ ■ ,in) 

I 1 s Tn.-, P(p-l)-m(2p-m-l) + (n-p)(n-p+l) , „f^W , , . . v 

= (-1) 2 2 detB^'"^(Ai,...,Ap;//i...,//^,z„+i,...,Zp) 

TO n 

xJJ n «(/^;'^iJdeti3„_p(Ap+i,...,A„;^j^^i,...,^i„), (4.16) 
where the matrix elements (Bp'"'*)^/? are given by 

= n«(^^'^^/3) n «(Aa,6j(i3p)a/3 (1 < « < P, m < /5 < p), 
e=l fe=p+l 

(-B("^))„;3 = Ma/3 (1<«<P, l</3<m), 

n a— 1 

xn«(/^o6) n «"'(^^'^.) (i<«<^^)- (4.17) 

By the procedure leading to {B^p^)aii-, we prove {B^p^^)ctm = A^am- Therefore we have proved 
that the function (4.14) holds for all m < p. 
When m = p, we have, 

G^\{Xk}{p,n),l^l, ■■■,l^p, ip+i, ■■■,'in) 

(■n—p)(n—p—l) 

2 detM{Xi, . . . , Xp] fii, . . . , fip) 

p n 

X n n ^'k) detB„_p(Ap+i, . . . , A„; ^i^^^, • • • , Ci„), (4.18) 

1=1 k=p+i 

where the matrix elements of M. are given by (4.13). 

For later use, we rewrite the element of the matrix M.ai3 (1 < a, < p) in the form 

13 n 

Map = ^aP + YW {a-\^ie,ii^)a{Xa,i^^)) Gap 
e=l j=p+l 
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a—1 n 



+ E n («"'(^7,4)a(Aa,4)) H 

7=1 j=p+l 



■7 

■a/35 



(4.19) 



where 



0/7 
''-a/3 



a-1 



/9-1 



n r a-1 /3-1 

+ 5^ 6(^^, ))KA«, A«) n «(A7, )) n Af )) na-'(Ai'\ A«; 

j=p+l L 7=1 e=l fc^^j 

+£§rTTl^ n a-(A„A.)n«-'(v^,) n 



r 

/3-1 



a-l 



e=l 
/3-1 



a-l 



AT 



KAa,^.; ^(^e,A^)]Ta(/i;3,^fc) (e = /3) 



fe=l 



a-l 



/3-1 



(4.20) 



(4.21) 



/^ N / ^Yla \l^eAi) n « ^(/^^'/^e)!!'^'^^^'^*^) (l<e</3-l) 



7= 
a-l 



fe=l 



/J-1 



N 



-§H4^7r^ n a-'(A„Ajn«-'(\,/..)n«(v&)- 

a(A«, A^j a(A^, ^^j ^^^^^^ 
After a tedious computation, we obtain the determinant of the matrix M. 



(4.22) 



detM{{Xa},M) 
= det^({Aa}, {lip}) 

k n p 



k,lkA^ e=l9=P+l 
p n k It 

xji n nn[i+^./'4(«(v,ev)-i) 
/'=i /=p+i t=i t'=i 

x(A2)l,i(A2)2j2---(A2)p,-^ 

k n k It n 

+ E "n n «"'i^e,e.jnn n «(A4,ev)detA3({Aj,{/.;3}) 
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k n 



+ E ' E "n n «-'-(A.,6.)nn n 



k' I't n 

nn 

t=l t'=l g'=p+l 



132 -jp) 



k n 



V h 



X n n n n n + ^/'^^./'.j. ia-\^it,^^,) - 1) 
t=i f=p+i 



k n 



=1 /'=lt'=l 

«7^{Pmi}.-,{p^j.} 

P h 



X n n n n n [i + ^ ^ (^(^- - 1) 

t=l /=p+l s=l /' = lt' = l 

«7^{Pmi}v,{Pm^} 



X ( A4) 1,1(^4) 2 j2...(A4)p,-^ 



(4.23) 
(4.24) 



where r(xi, .... .Xp) = r((7), (cr £ »Sp and (xi, . . . , Xp) — cr(l, . . . ,p)), r(cr) = if cr is even 
and r(cr) = 1 if cr is odd, 



p-k+l I 



' k-1 P-k+r+l-Y.'jJih-j 



E = E E T^n E n E 



k=l 



4! 



^m,,7^£'mi.-l'-'4?l 



r=l 



X 



Ik—r 

n 

mfc_r=l 



E 



k — r , 

k — r I k — r k — r 



p-l p-k h P 

E =EEAn E 



lk-r=0 



''k—r- 



k=l 



lk=l rnk=l 



'k-1 P-k+r-T.'j=llk^ 

n E 

r=l lk-r=0 



''K—r- 
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X n E 

k — r , k — r k~r 
Pmi,_^7^Pm^_^-l--'Pl 

and the elements (Aj)^^, i — 2,3, 4, are given by 




a=l,...,p, f3=l,...,p, {Qlm}:---,{QmJ 

gL a = l,...,p,P={gi\{k=l,2,...,p) 



(^3)a/; 



(3 + 1^^^ 



a 



1, ... ,p, a 7^ {p^J, . . . , J, /? = 1, 



« = {PL}(^=1,2,...,P-1), = 



and 







a — 


a 7^ {p^J, . . . , J, 
l,...,p,P^{glJ,...,{6':^J 






= 


(^4)a/3 = < 




q; = 
= 


{gijik ^ 1,2,..., n) 






a = 


{p^J(/c=l,...n-l), (3 = 1,. ..,p 



respectively. 

Thus by using (4.24), the function G^p) (4.18) becomes 



G^\{^k}{p,n), /^l, • • • , /^p, ip+l, ■■■,in) 



1=1 k=p+l 

4 

Gf\{^k}(p,n), Pi, ■ ■ ■ , Ppi ip+li • • • J ^n)- 



■ ■ ) Cin ) 
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4.2 m>p + l 

Then we compute the intermediate functions G^'^^ for m > p + 1. Similar to the m < p case, 
inserting a complete set and noticing (4.28), we have 

G^'"^({Afe}(p_„), /Xl, . . . , fijn, im+l, ■ ■ ■ -fin) 



N n m+q n 

= E <°i n 4i)ft(''".) n 4!)4^ n •^u^) 

jj^im.+i,--.,in k=m+l k=m+l m+q+1 

XG^ {{^k} {p,n) 1 l^l: ■ ■ ■ 1 A'-m— 1 ) -j ■ ■ ■ : '^m+q: j-i "^m+q+l ■ ■ ■ I'^n) 

4 

), (4.29) 

where G^"^^'s correspond to G^^^s in (4.28), respectively. 

We first compute Gi^\ With the help of the expression of Bi (3.12), we have 



m+q 



n 4i)B>(''".) n '^M'^m n En.m 

k=m+l k=m+l m+q+1 

n N 

= -(-l)'2-("-"^)- %^,e,) n <^^m,U^)J[a-\^k.Q. (4.30) 

l=m+l ky^j 

When m = p + 1, by using the expressions (4.28) and (4.30), the intermediate function G^''^^^ 
is given by 



^1 i{'^k}{p,n), f^l, • • • ) (^p+l,ip+2, ■ ■ ■ lin) 

i >■ ). 

N n p+q+1 n 

= E <oi n n 45)^(5 n 4Lio> 

j^ip+2,--;in k=p+2 k=p+2 p+q+2 

XG^\{\k}(j),n), f^l, ■ ■ ■ , f^p, ip+2, ■ ■ ■ , ip+q+ljj, ip+q+2 • • • , «n) 
(n— p)(n— p— 1)— 2(n— p— 1) 

= (-l)-2^ ^ ^det:^(Ai, . . . , Ap; //I, . . . , /x^) 

xdeti3rp^(A^+i,...,A 

Atp+i;Cip+25 • • • )6„)) (4-31) 

where the matrix elements (i3|j™p)a/3 {p + 1 < oi, (3 < n) 

{B^n-p^)ap = Yl ii0)i^n-p)ap, foT p + 1 < (3 < 71, 

e=l 
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JV 



a-1 



N 



(4.32) 



As a element of the matrix B^^p \ one finds if we take j — ip+2, • • • , in in the sum of (4.32), the 
added terms will not contribute to the determinant. Therefore we may rewrite {B^^p^)ap+i 



as 



AT 



^ ^ /^P+i - + ^ A. - + ^ 4 A , A, - + 



a-l 



A7 - 



P ^ N ^ ^ 



(4.33) 



Then by using the properties of rational function again, we construct the function [Mijap 
{p+l<a,p<n) 



a-l . (S-l 

rj X^- np-T] Y^He- f^p-V 



Aa — fJ^p 



X 



n 



n ,, \(1) N . 



X 



V 



a-l . ,(1) 



/^e ~ ^^7 TT '^fc ~ ^-i + V 



n 

/9-1 

+E 



(1) 



1 /^e + ^ kjtj -^k '^j 



n 



a-l . 13-1 



\a - fJ'e fJ-e - fJ^P ^f^^^ A^ - 



X 



n 



Aie - A 



n 

(1) JV 



■7 P-e 



n 



/We - 



TT — Cfc 

?{p+i) 



(4.34) 



Here as before, one may prove {B^_p )ap+i — {J^i)ap+i- Moreover, with a similar procedure, 
one may prove that for any p + 1 < m < n, the function G^^^ can be written as 

^1 ('[Afc}(p,n)7 /^li • • • ) A^mi ^m+l) ■ • • ) ^n) 

= (-l)'"2 2 det:r(Ai,...,Ap;//i,...,//p) 

xdetSn_p(Ap+i, . . . , A„; ■ ■ ■ , Cin 

), (4.35) 



21 



where the matrix elements {B^p)ai3 (p + 1 < a, /9 < 

13-1 



e=l 

{Btl)ai3 = Wap, iorp+l<P<m. 
Therefore when m = n, we obtain 

G'i'\{)^j}{p,n),{l^k}{p,n)) = (-1)" dctJ^(Ai,...,Ap;//i,...,/Xp) 

xdet A/i(Ap+i, . . . , A„; Hp+i, . . . , fj,n)- 

Similarly, the function Gg""* is given by 

xdet A/'2(Ap+i, . . . , A„; //p+i, . . . , 



(4.36) 



(4.37) 



(4.38) 



with 



fc / \ h-l /3-1 0-1 X 



P fc /t 

-nnn 

/'=i t=i t'=i 

n 



I A/' - - ^ 1 



A/' - 



X 



T-j- ~ ^ TT ~ 



J=p+1 f-/J - -J 
?7 



fc / .(1) ^ 



n 



//e - A^ ^ + ?7 



X n n , n -" " ' 



p fc 

xnnn 

/'=i t=i t'=i 



1 + S 



+ E 

fc+ 

a- 

n 



e=A;+l ' 
a-1 

X 

1=P+ 



rj r) 



^ \^ — lie 



n 

e=l 
n 

n 







A fi 






A«+, 















=p+i A*' 



n 



n 



He- IJ-e-V 



He - He 



- a5'^ + rj t\ - 6 + V 
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(4.39) 



e=l 



where the function g2{lJ'i3, le) — when le — 1; when le—0, 



n 



e=fc+l 



X 



and when ^ 2, 



a-l 

n 

7=P+ 
P fc it 

xnnn 

/'=i t=i t'=i 



L7= 



n 



A/' - /ie - ^ 



- 1 



(4.40) 



X 



^ A;! (//;3 - He + vY' '^dx'' [ Aa - x 

fc / \ i<j/-l a-l , 

-Q / /^e' - X \ Jj- f^e-X-y J-j- A^, -X-?7 



p k h r 



e=k+l 



l^e-X 



X-y — X 



X 



X 



f'=l t=l t' = l \ / A / 



n 



\(i) . 



n 



X=Me-»7 



The function Gg"^ is given by 

^3 ({^j}(j>,n),{f^k}{p,n)) = ("!)" 2^ dct A3(A^(i) , . . . , A^(p) ; //^/(l) , . . . , //o-'(p)) 



(4.41) 



xdet A3(Ap+i, . . . , A„; //p+i, . . . , //„) 



(4.42) 



with 

(A/"3)a/3 



Ae — 



^ TT. , 



nn 



a-l 



X-y — Hp 



X 



n 



n 

7=p+l 



n 



- A 



(1) 



AT 

n 
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e=p+i 



n 



(1) 



(1) a-1 



n 



(1) 



A7 ~ Ag 

.(1) 



X 



n 



e=l \ /^e - A 



(1) 



nn 



^"i P=i Ap*, - A^^^ + T] ^=p^i^^e A^ - A 



n 



+ y ^ ^ TT 



/3-1 Q-1 
^ -|-|- f^e- f^e-y -|-|- X^-fi,-ri 



+ $^^3(/^/3,/e), (4.43) 
e=l 

where the function g^{^p., le) is given as follows, i.) when HtLi Y^t'=i ^ep^, = 0) 



le-l ^ 



fe=0 



A;! (//^ - Ae + Tjy^-'' dx^ 



A, 



X 



i_ A, 



- X - ?7 " ' A^ - X - 



X 



X 



nn 

'=1 

f^e-X-V 



n 



t 

n 

e=l 



lt'=l ^pI' ^ 7=P+1 ^ 



, (4.44) 



L,=^+i X - A^) +r] X - 6 + 

ii.) when HtLi nt'=i '^ep*, = 1 s-^id = 1, gsd^/s, le) — and iii.) when there is an index i 
{t e {1,. . . k}) and i' (£' e {1, . . . 1^}) such that p| = e, and Ze > 2, 



(x-Ae)'^-^^ n 



^ k\ {fig - Ae + ^ dx* 

^ n n n 



Aa-X^i,-^, VAe-X-ry 



Ae - X 



X 



n 

e=l 



i^ e-x-y 
/«€ -X 



-i-r X-Xj -|-|- X - 6 

X-A«+ry l{x-^i + V 



J=p+i 



(4.45) 



The function G^^^ is given by 

G'4*^({Ai}(p,n), {/ifc}(p,n)) 



(-1)" E ' E " E (-ir^^'^^'^---^'^n>i4)i,,(A4)2,.^ 
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xdet ^(Ap+i, . . . , A„; //p+i, ...,Hn) (4.46) 



^ n, ..... 



nn 



A7 — 



n 



X 



X 



X 



n 



1 - 



n 



7=p+l 



p It 



n n nn 



t=l s=l f'=l t' = l 

k P P h 

n n nn 

t=l s=l f' = l t' = l 
n 

V V 



1^13 - 

















n 



l^e - A, 



(1) a-1 



X 



=p+l 
k 

n 



A„, - A 



(1) 



, 'I 'I TT l^e- TT 

fJ'P - +V ^a- -^0 + T] fj,e - Ag +r] A7 - +r] 



fie - A^^ ^ + V 



e=l V - Ag 

*; P P h 

n n nn 

t=i 3=1 f=it'=i 

«^{Pmi}.-,{P^j.} 

*; p p it 

xn n nn 

t=l s=l /' = lt' = l 

«^{Pmi}.-,{P^j.} 



nn 



Apt - A 



(1) 



n 



A^-A(')+77 



l^t — 



As — A^ ^ 
As-A^'^+T/ 



- 1 



- 1 



e=fe+l 

X n 



- f^pK- f^e fJlKK- l^e-Vj Apt, - //e 



a-1 



fis - fJ^e-V TT \- l^e-ri 



n 



X 



IJi, - \f + ry fi /^e - a + 



X 



j=p+i - -J 

fc P P k 

n n nn 

t=i s=i /'=it'=i 



- 1 
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(4.47) 



e=l 



t=l 



IT / f—rl' 

where Qiilip^V^ is given as follows, i.) when nt=i 11*'=! ^ep*, — 0; 



iL-i 



1 



(x-Kf^ n 



fe=0 



nn 



a-1 

n 

7=p+l 



^7 - X - ?7 

^7 - X 



X 



13-1 

n 



e=l 



/«6 -X 

P 



n 



X-A 



(1) 



X 



(1) 

j=p+l A 

P h 

n n nn 

t=l s=l /'=1 t'=l 



n 



x-ii 



/^t - X 



P k 



X 



n n nn 

/'=it'=i 



As - X 




X=Ae-)? 

(4.48) 



ii.) when HtLi nt'=i '^ep*, = 1 ^-^id ~ 94:{l^i3j^e) — and iii.) when there are indices i 
{i e {1,... k}) and i' {i' e {1, . . . /j}) such that p\, = e, and 1^ > 2, 



1 



fe=0 



A;! {fip — Ae + rjy^~''~^ dx^ 



{x-K 



Aa -X 



X 



X 



13-1 

n 

e=l 

k 



I' k' 



a-1 



n 



A^ — Y 



i^e-x-y 

l^e-X 

P 



n \(1) Af ^ ■ 

Aix-Ajn^ fix-6 + r^. 



X 



n n nn 

t=l s=l f'=l t'=l 

«^{Pmi}.-,{P^;.} 



i^t-x-v 



- 1 
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P h 



X 



n n nn 

t = l 3=1 /' = 1 t' = l 

«7^{Pmi}.-,{P^j.} 



1 + Of'., d,-., „t_ I — ^ 1 

X 



X=Ae-r; 

(4.49) 



for the function g'/^^jjip, k), one has : i.) g'/^{npi k) = when 

p V h 



nt 



S^{Pmi}.-,{p^j.} 



/'=1 t' = l 



ii.) when rit — 0, 



n 



nn 



"-1 a-l , 



n 



n 

7=p+l 



X 



« „ x(l) c 



l^t - + 77 t\ ^* - + ^. 



U=p+1 A-t - 'J 

k P P It 

- n n nn 

T=l,^t s = l f' = l t' = 1 

«7^{Pmi}v,{Pmj.} 

fc p p It 

xn n nn 

T=l s=i /'=lr'=l 

«^{Pmi}>-,{Pm^} 



1 + ^/'.^jV/i?:, ' — — - — 1 



^+(>f'sOj^,g^^, {— 1 



.(4.50) 



hi.) when rit > 2, 



Kt— 2 



1 (^fe _ 



fc=0 



p it 



X 



n \{\{[i^^t-X-r|)+r]■5fJs5j^,,t^, 



=1 _ /'=i t'=i 



S^{Pmi}>-,{P^j^} 



X- 



?7 



n 



o-l 



nn 



n 



X 



n 



f^e-X 



J=p+i 
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X 



n n nn 

T=l,J^t s = l /' = 1t' = 1 

«V^{Pmi}.-,{P^i.} 



P It 



X 



n n nn 

T=l s=i /'=lr'=l 

«^{Pmi}>-,{P^^} 



X=fle-V 

(4.51) 



Prom (4.4) and (4.5), we have the following theorem: 

Theorem 2 Let the spectral parameters {Xk} of the Bethe state |07v({Afe}(p „))) he solu- 
tions of the BAE (2.22). The scalar products Pn{{lJ'k}(p,n),{Xk}{p,n)) defined by (4.1) are 
represented by 

Pn{{l^k}{p,n), {Xk}{p,n)) 

= (-1)" E ^^({/^^'0)}'{/^^'4)})^«({^^o)}'{^^(.)}) 

X {detT{\a(l), . . . , \cj{p)] ^J'a'{l), ■ ■ ■ , ^^<T'{p)) 

X(ietA/l(Ao-(p+i), . . . , Acr(n); A^(t'(p+1), • • • , lJ^a'(n)) 

^E' E (-i)^^^'^^'^^-'^'^^'^^n^).(i).'oo---(^2).(p).'o,) 



XdetN2{Xa{p+l)^ A(T(n); /^<t'(p+1), • • • , /W(T'(n)) 

-/- ^ c?e^ A3(A(^(i), . . . , A<^(p); . . . ,/Xc.'(p)) 

X C?e^A3(ACT(p+l), . . . , Xa(n)'i • • • , /i(T'(n)) 

+ E' E " E (-ir^'^'^^'^^---'^'^^'^^n^4).(i).'o-o---(^).^^ 

X detJ\f4{Xa{p+l), . . . ,Xa{ny,IJ'a'ip+l), ■ ■ ■ ,/^CT'(n))} • (4-52) 

Remark: In the derivation of (4.52), the spectral parameters {Aj} in the state \D.Ni{Xj}(p^n))) 
are required to satisfy the BAE (2.22). However, the parameters {j = 1, . . . ,n) in the 
dual state (^iv({A^j}(p,n))| do not need to satisfy the BAE. 

On the other hand, if we compute the scalar product by starting from the dual state 
(Ojv({Aj}(p^„))|, then by using the same procedure, we have 

G^''\{Xk}(p,n), {fJ'j}ip,n)) = G'^"H{/^j}(p,n)> {^k}ip,n))- (4.53) 
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Therefore, the corresponding scalar product Pn{{^k}{p,n), {^j}(p,n)) is given by 

'{{^k}{p,n),{H}{p,n)) 

= J2 YL{{XaU)}A^%)})yR{{f^a'U){^^%)}) G(")({^.,(,)}(,,„),{A.(,)}(,,„))(4.54) 

a,a'eSn 

In (4.54), we have also assumed that any element of the spectral parameter set {A^} 
satisfy the BAE. 

5 Correlation functions 

Having obtained the scalar product and the norm, we are now in the position to compute 
the k-point correlation functions of the model. In general, a k-point correlation function is 
defined by 

K''-''" = {^N{{Hj})\ei . ..el\QN{{X,})), (5.1) 

where e^^. stand for the local fermion representations, (2.14), of the generators of the super- 
algebra gl{2\l), and the lower indices ij indicate the positions of the fermion operators. 

The authors in [28] proved that the local spin and field operators of the fundamental 
graded models can be represented in terms of monodromy matrix. Specializing to the current 
system, we obtain 

K-l N 

j = l j=K+l 
K-l N 

(l-n.Jc.,T = U^iQ-B^iQ- n ' (5-3) 

j=i i=K+i 

K-l N 
j = l j = K+l 

n-1 N 

j = l j=K+l 
K-l N 

(l-n,J(l-n„,T) = U^iQ-DiQ- Um , (5.6) 

j = l j=K+l 

K-l N 

Si = -n^(^^)-^2i(e«)- n ^(^^•) ' (5-7) 

j = l j=K+l 
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K-l N 
j = l j=K+l 

^ K-l AT 



2 

j=l J=K+1 

where in the left of (5.6), ni^in^i = since the double occupancy of lattice sites on the 
restriced Hilbert space of the supersymmetric t-J model is excluded. 

5.1 One-point functions 

We first calculate one point correlation functions for the local fermion operators {1 — 11^,1)0^,1 
and (1 — nR^Jcj^ According to (5.1), the correlation functions are given by 

,n)i Ck) {Afe}(p+l,n+l)) 
= {^N{{fJ'j}(p,n)) \ • (1 - "'K,i)cK,T • |^Ar({Aj}(p+l,n+l))) 

= E T.M{f^^'U)}Al^%^})YR{{X.u)},{>^%)}) 

* n V P+1 n+l' 

x(0| n i?i(//.'(i))n^2(//.'«) • (1 - n,,i)cl^ ■ \{C2{Ui)) n Ci(A,(,))|0), 

i=p+l i=l i=l i=p+2 

(5.10) 

Fl\{Xj}{p+l,n+l),^K, {fik}(p,n)) 

= (Qiv({Aj-}(p+i,„+i))| • (1 - n^,i)cl i ■ |QAr({//j}(p,„))) 
= E E ^4{A.0)},{A«)})yK({^.,0)},{/zi!},)}) 

n+1 p+1 p * n ' 

x(0| J] 5i(A.«)n^2(A,(,)) • (1 - n,,Jcl,^ • n^2(/^.'w) n Ci(/i.'«)|0), 

i=p+2 i=l i=l i=p+l 

(5.11) 



where {f^j}, {A^} are solutions of BAE, p and p+1 are quantum numbers of the corre- 
sponding states. For the representations of the correlation functions, we prove the following 
proposition: 

Proposition 3 If both the Bethe state \D,]sr{{uj})) and the dual Bethe state (JlAr({%})| (uj — 
are eigenstates of the transfer matrix, then the correlation functions corresponding to 
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the local fermion operators (1 — n^^^l)c^^^^ and (1 — ^K,i)c|,| can he represented by 

,n) 1 {-^fe}(p+l,n+l)) 

XPn+l (?K) /^ct'(1), ■ ■ ■ , fJ'a'in)', {K{j)}ip+l,n+l)) , (5-12) 

(p+l,n+l), 1^, {/^fc}(p,n)) 

{{K{j)}{p+l,n+iy, ^K, l^a'il), ■ ■ ■ , l^a'{n)) , (5.13) 

respectively, where = Ill=iITi=i(^~^(l^h^k)- 

Proof. We first prove (5.12). Prom the definition of Fj, we have 

-^n+l({/^j}(p {-^fe}(p+l,n+l)) 
= (QAr({//j}(p,„))| • (1 - n^,i)c^,'f ■ |QAr({Ay}(p+i,„+i))) 

K-1 N 

= (^^iv({//,}(p,n))in^(0)-^2(U- H t{Q\nN{{Xj}ip+l,n+l))) 

j = l j=K+l 

n K-1 n+1 N 

- (-ir' E Enn«''(^^'^^)n n «"'(a.'^^) 

aeSn+i cr'eSn j=l k=l j=l k=K+l 

K) l^cr'il) ■!■■■■) f^a'{n) 

; {-^aO)}(p+l,n+l)) • (5.14) 

Then by using the relation 

n AT 

l[l[a-\Xj,^,)^l, (5.15) 

j=i fc=i 

which is from the BAE and the NBAE, we prove (5.12). The proof of (5.13) is similar. 

□ 

For the local operators (1 — nK,,i)cK,,i and (1 — nK-f)c^j^, the calculation of their correlation 
functions, which are defined by 

^i+l({/"i}(p,n),^K, {h}{p,n+l)) = (^Af({/^i}(p,n))| " (1 " nn,^)cK,i " |^Af ({Afc}(p,n+1))) , 

(5.16) 

Pn+li{Xj}(p,n+l),^K, W}(p,n)) = {^N{{h}ip,n+1))\ ' (1 " "'«,T)4,i " I^Jv({/ij}(p,n))) , 

(5.17) 
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respectively, leads to the following proposition: 

Proposition 4 If both the Bethe state |Oiv({%})) O'^d the dual Bethe state (Oiv({%})| (uj — 
Xj,fj,j) are eigenstates of the transfer matrix, then the correlation functions corresponding to 
the local fermion operators (1 — nK^-^)cK^i and (1 — ?T'K,t)cj^ can be represented by 

{ " 1 

^ \ IT ~l ^-^"+1 (/^o-'(l)' ■ ■ ■ ' t^<j'(j,),^K, /^o-'(p+l), ■ ■ ■ , fJ'cr'in); {K{j)}(p,n+1)) 

X Pn+1 • • • , A^(t'0-1), ^K, /^f7'(i+l), • • • , l^a'ip), 

l^cr'ij), y^a'ip+l), ■ ■ ■ , l^a'{n)] {^cr{j)} (p,n+l)) } , 

(5.18) 

,n+l)) ^K-i {/^fe}(p,n)) 

P I 

^"■'■^^ 1 1 ~? TT-^n+l ({'^o-(j)}(p+l,n+l); A^o-'(l), ■ ■ ■,fJ'a'(p),^K,IJ'a'(p+l), ■ ■ ■ , fJ'a'{n)) 

fj[ a[fJ'a'(j),C,K) 



X 



/^(t'O), /i(T'(p+l), • • • , /^(T'(n)) } , 



(5.19) 



respectively. 

Proof We first prove (5.18). Considering the definition of Fj^ the representation of the local 
fermion operator (5.3), we have 

,n) ; ) {Afe}(p,n+1)) 

K-1 TV 

^{^N{Mip,n))\-llt{Cj)-B,{Q- n ^(6)I^^Jv({Aa(p,„+i))), 

j=l j=K+l 
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J2 E ^-i({A.o)})c'({/^.'w})>^4{/^.'o)}, {f^%)})yRi{Ku)}, 



n p p+1 n+1 

x(0| H • • l[C2{Xaii)) n C'i(A.«)|0). (5.20) 

i=p+l i=l i=l i=p+2 

Prom the GYBE (2.9), we have the following commutation relations 

Ba{fJ,)Ba{X) = -C(A, l^)Ba{X)Ba{pi) (5.21) 

BMM^)--^\-MX)Ba{f^) + ^^Mpi)B,{X) (a^b). (5.22) 
a(^/x, Aj a[iJ,, A) 



Then we have 



B2{^Xp)...B2{f^l)B^{^,) 



1 



= (-1)' n ;7;r^^i(^-)^2(A^p) . . . 52(/^i) 



3 = 

J-1 



xB,{fij)B2{fip) . . . B2{iij+i)B2{Cn)B2{fij-i) • • • ^2(^1). (5.23) 

Substituting the about relation into (5.20), we obtain (5.18). 
Similarly, by using the commutation relations 

Ca{X)Ca{f^) = -C(A, fi)Ca{f^)Ca{X) (5.24) 

Ca(A)a(/^) = -^^a(/^)a(A) + 4^a(A)C„(/x) {a^b). (5.25) 
a(^/i, AJ a(^/x. A) 

one may prove (5.19). 

□ 

For correlation functions associated with the local fermion operators and Sj. defined 

by 

-^jf ({^j}{p,n)' {^A:}(p-l,n)) = {^Ni{^j} (p,n))\ ' S ■ \ilNi{Xk} {p-l,n))) , (5.26) 

Fn\{^j}{p-l,n),U,{f^k}{p,n)) = {^N{{Xk}{p-l,n))\ ' ■ \QN{{fJ'j}{p,n))) , (5.27) 

we have the following proposition: 



33 



Proposition 5 If both the Bethe state IQ^iiuj})) andthe dual Bethe state {VlN{,{'Uj})\ (uj = 
\j-,lJi-j) are eigenstates of the transfer matrix, then the correlation functions corresponding to 
the local fermion operators S and S'^ can he represented by 

-1)- n 4^^^^^^^ n ^^n«(/^-«,u 

n ({A*(t'(1)) • • • ) A*ct'(«-1)) A*CT'(i+l)5 • • • ) l^a'{j))i^K, l^cr'{j,+l)-i ■ ■ ■ ■> lJ'a'{n)}ip-l,n)] 



+ 



{Kij)}(p-l,n)) 



j=i+l 

1 



N 



X -7 T Y\. '^{l^'T'{i)^icc) Pn ({/^<7'(1), • • • , /^CT'(i-l), • • • 

m=«+l,ytfc ^ \ J • \ I' (x=l 

),..., fXa'ip), fJ'a'ik), fJ-a'ip+l), ■ ■ ■ , /^(T'(n)}(p-l,n) i {'^CT(j)}(p-l,n)) , 



/^(t'(A;-1), Ck) /^(T'(fe+1), 



+ 7. —( V 11 ~( V 11 ~( 7 11 «l/^<T'(i),4aj 



X 



« JJ ^ ( W(l), • • • , /^a'(i-l), /ia'(i+l)> ■ ■ ■ > /^a'(p)> 

Ck) /^<t'(p+1)) • • • ; A''(7'(n)}(p-l,n); {-^o-O) } (p-l,n)) 

^Pn ({/^(t'(1), ■ ■ ■ , fJ-a'{i-l), fJ''a'{i+l)j ■ ■ • /^^'(m-l) ) Ck> /^^'(m+l) ) • • • > /^'cr' (p) > /^ct' (m) ) 



) 



/^(t'(p+1), ■ ■ ■ , /i(T'(n)}(p-l,n); {-^<TO)}(p-l,n))] 

Pi//- \ J — 1 / \ P / \ ^ 

" (j)) TT c(/i^'(j)i^a'(OJ TT ^r.. <: \ 



=i+i 



X 



• • , fJ'a'{n)}ip-l,ny, ip-l,n)) 



/^^'(i), A*(t'(p+1)) • • • ) A''(T'(n)}(p-l,n); {-^o-(j)}(p-l,n)) 
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({/^fT'(l) , fJ-a'(i-l) , ^J'a'{i+l) ) • • • ^CT'(m-l) ) ^fT'(i) i Ma'(m+1) ) • • • i ^a'(p) ' /"a'(m) ) 



fJ'a'ip+l), • • • , A^(T'(n)}(p-l,n); {-^<T(i)}(p-l,n))] } 
,n) ) ) 



(5.28) 



AT 



X 



■ ■ ■ ) /^(T'(n)}(p-l,n)) 



j=i+i 

1 



X TT -7 T TT (^if^<T'{i),Ca) Pn {{K{d)}{p-l,n), {f^a'{l), /^CT'(i-l), 

/^o-'Ci+l)) • • • ) IJ'a'ik-l),^K, /^a'(fc+l), • • • , /^o-'(p), /^o-'(fc), /J(t'(p+1), • • • , /^cr'(n) } (p-l,n)) , 
+ 2^ -7 ^ II -7 V 11 ~? ^ 1 1 «(/^<T'0),^aj 



X 



p I 

m=i+l ^yt^T'im)^^!^) 
^^'a'{i+l)^ • • • , fJ-'^i (jj^,Ck, fJ-a'ip+l), ■ ■ ■ , A*<T'(n)}(p-l,n)) 



1 



' /^(T'(i+1)' • • • /^(T'(m-l)J SK) /^^'(m+l)' 



X-^n ({-^a(d)}(p-l,n); {/ia'(l), • • • ; /^a'(i-l) , /^'cr'(i+l) 
/^'cr'(p)) /^CT'(m)) • • • , /^(T'(n)}(p-l,n))] 

~ V TT — 7 TT ~( V TT ^'^^'^'(i)'^" 



X 



-1=1+1 

A*'(T'(i+l) 5 • • • ) 



«(/^"'(m)'^<^'«)) 



// // 



Pn {{^T{j)}(p-l,ny, {f^a'il), • • • , /^o-'(i-l), 

, . . . , ^CT'{n)}(p-l,n)) 



><-Pn ({'^(T(<i)}(p-l,n); {fJ'a'{l), ■ ■ ■, /^(T'(i-l) > /^^'(j+l) 5 • • • /^^'(m-l) 5 /^^'(i) , 
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)}(P-I,n))]}, (5.29) 

respectively, where n'^,^^^ = //^/(fe), for k ^ i + 1, . . . J - l,j + 1, . . . ,p, = //^/(j), for 

^ = j> l^a'ik) = l^'^'ik), fork^i + l,...,j-l,j + l,...,pand /i'^,^^^ = for k^j. 

In proving this proposition, we have used the commutation relations 

AM)Cc{t^) = '^[^^^_^'Jj^ Ce{f^)AU^ + M^^a(/x)A,(A), (5.30) 

Se(/x)A„,(A) = '"^^^~_^^^' A,,(A)ge(/^) + I ^J^ AMBaiX). (5.31) 

We do not write down the detailed proof here, since the procedure is similar to that of the 
previous propositions. 

For the one-point correlation function associated with the fermion operators {l — nK,i){l — 
n«,|) and 5^ 

K^iM,L,{h}) = (l^^({^,}(p,n))|-(l-n.J(l-n.^T)-|^iv({Afc}(p,n))), (5.32) 
i^f ({/".•}, {A.}) = mM(p,n))\ ■ ■ \^N{{Xk}M)), (5.33) 

we have the following proposition: 

Proposition 6 If both the Bethe state |Qjv({%})) o-nd the dual Bethe state (Qjv({%})| (uj — 
Xj,fj,j) are eigenstates of the transfer matrix, then the correlation functions corresponding to 
the local fermion operators (1 — ^^^^^(l — tIk,-}) and can be represented by 

K''{{lJ'j}(p,n),^K, {Afe}(p,n)) 

= (-!)" E E '^-i({/".})C'({AJ)^(i;e«;Wo)};{A.(fe)}) 



(5.34) 



,n)i {Afe}(p,„)) 
creSn a'eSn 

^ l^~rc — \^ V II ~~r\ FT 11 ~T\ \^ vll^(AcT(i),4aj 

^Pn {{^^cr'{d)}(p,n)'■, {Acr(l), . . . , \cr(i-l) ^k-, \cr{i+l)-, ■ ■ ■ , Ao-(„) } (p,n)) 
+ (-1)" E E lM{l^a'(j)})(t>-\{Xaik)}) - lF::-{{H}ip,n),in,{Xk}ip,n)), 



2 



(5.35) 
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respectively, where 



V{e;5; {^ia'{j)h{K{k)}) 
1 



n 



{{l^'T'U)}{P,ny,{K{k)}{p,n)) 



_ TT c(Xa^k),K{j)) -rV 1 

^-^n ({^o-'(d)}(p,n); ■ ■ ■ , A(T(e), ■ ■ ■ , Ao-(j-l), 5, A^-Q+i), . . . , ACT(n) }(p,n)) 



&(Ag(i), ^) 4-1- c(A^(fc), A^(t)) -pi- 



1 



n 



.^^ a(A^(i),(5) J-J. c(A„(fc),(5) a(A^(j),A„(i)) ^^^^^^ 

^^n {{fJ'(T'{d)}{p,ny, {K{1), • • • , A„(e), . . . , Xa{i-l),S, Xa(i+1), • • • , ACT(n)}(p,n)) 
a{K{l),Xa{{)) ^i^^^ c{X^{m),Xa{{)) 



^=^+|^,«(A.(,),A,(o) 

{{fJ'(T'{d)}{p,ny, {^a(l), ■ ■ ■ , -^o-(e), ■ ■ ■ ; Xa(i-1),5, Ao-(j+i) , . . . , 

Xa{l-1), Xa(i), X<7{l+l),...,X^I^„^}{p,n)j 

Proof. With the help of the commutation relations (5.25) and 



L»(A)Ce(//) 



^ C^{f,)D{X) - M^Ce(A)L>(/.), 



a{fi, A) a(^, A) 

by using the similar approach as before, one easily proves (5.34). 
From (5.9), we have 

K-l N 



(5.36) 



(5.37) 



K-l 



^ K-l N 



(5.38) 



Substituting (5.38) into (5.33), we obtain 

{Afe}(p,„)) 

n 



X(^iv({/ii}(p,n))| 



1 



I^Af({^i}(p,n)))- (5-39) 



Then by using the commutation relations (5.30) and (5.25), one may prove that (5.39) gives 
rise to (5.35). 

□ 
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5.2 two-point functions 

In principle, by equations (5.1)-(5.9) with proper commutation relations derived from the 
GYBE, and similar method as that in the previous subsection, we may obtain any correlation 
function defined by (5.1). 

As an example, in this subsection, we compute the correlation function associated with 
two adjacent fermion operators (1 — ?t^k,Jc], ^ and (1 — n^+i^JCfj+i^i. Considering the repre- 
sentations of the fermion operators (5.6) and (5.4), the correlation function is defined by 

Fn'H{f^j}{p,n), L, {Afe}(p,n)) 

= (^^({/^i})l(l - '^«,i)ci,T (1 - ^«+u)cK+i,Tl^5^({Afc})) 

K-1 N 
j=l j=k+2 

Here we have used the following property: for the supersymmetric t-J model with periodic 
boundary condition, the transfer matrices satisfy the relation YliLi ^i^i) = 1- Then with the 
help of the commutation relations (5.24), (5.30), (5.37), and 

B,{X)C,{fi) = -C,{fi)Ba{X) + 4Mp(^)^a6(A) - D{X)AM], (5-41) 
one proves the following proposition 

Proposition 7 // both the Bethe state {^^{{uj})) and the dual Bethe state {^^{{uj})] 
(uj — Xj,iij) are eigenstates of the transfer matrix, then the two-point correlation func- 
tions associated with the local fermion operators (1 — n„_j.)c|j^ and (1 — n«;+i_j^)c„+i^i- can be 
represented by 

p 



X 



K^K+l,Xa^j)) -|-|- c(Ac.(;), A^(j)) c(A^(j), A^(fc)) TT ^ . 

XV {i + 1; Xa{iy, {Ha'(d)}{p,ny, {X'a{f)} ip,n)) 

~ n }( \^^^\ II "(Aa(0> Ca) V{i + 1; Ck+I, {fJ'a'{d)}(p,ny {A*(/) }(p,n)) 
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n 



N 



(5.42) 



where V is given by (5.36) and the spectral parameters A', A* and X" are given by 



X' 



{k = 1) 

Aa(fe-i) {2<k<i) 
Ao-(fc) {i + 1 < k < n and k ^ j) 



r L 1) 

K{k) = i X^(^k-i) {k = 2,...,i) 

[ Xa{k) {i + 1 < k <n) 



and 



a: 



[ Xa{z) {k = j) 



{k = i) 

(fc = 1) 

, ^ I A,(fc_i) {2<k<i) 



respectively. 

6 Conclusion and discussion 

In this paper, we constructed the determinant representations of scalar products and the cor- 
relation functions of the supersymmetric t-J model with the help of the factorizing F-matrix. 
Because the t-J model is an important model in the realm of the high Tc superconductivity, 
we hope our results may enlarge the range of apphcations in this field. We also hope our 

results may offer a new understanding of the mathematical structures of the model. An in- 
teresting problem is to extend the results in this paper to the t-J model with open boundary 
condition. This is under consideration and results will be reported elsewhere. 
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